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Modulational instability in optical-microwave interaction
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The stability of continuous optical and microwave fields is studied in the presence of dispersion and second
order nonlinearity. The cascade combination of optical rectification and the electro-optic effect induces modu-
lational instability(MI) in a wide range of system parameters. It is demonstrated that Ml can lead potentially
to filamentation of high power optical pulses as well as the generation of terahertz radiation.
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[. INTRODUCTION should be applicable to those cases, the main emphasis in
this paper is laid on the interaction of an optical wave with a
Continuous wave$CW) with amplitudes independent of microwave. As will be demonstrated, Ml can lead to a fila-
spatial or temporal variables are simple stationary solutiong1entation of high power optical pulses. Furthermore, as the
of a variety of nonlinear wave equations. The interplay be-generated microwave signal develops a similar kind of
tween dispersion and nonlinearity can lead to an exponentianodulation, Ml is shown potentially to result in the genera-
growth of small perturbations and finally to the break up oftion of narrow-bandwidth terahertz signals.
the CW solution, a phenomenon usually referred to as modu-
lational instability (MI). Il. EVOLUTION EQUATIONS AND MODULATIONAL
MI of optical waves is well known to occur in media with INSTABILITY
cubic nonlinearities, where wave propagation is governed by ) . . . .
the nonlinear Schidinger equation and its derivativés]. Starting points are the scaled scalar interaction equations
However, it was shown recently that cascading effects be[s’g]
tween a fundamental and its second harm@8idG cascad- 3
ing) in a system with quadratic nonlinearity can also lead to (iJr 5ﬁ_0 ‘9_) e i|u 20 )
an instability of stationary CW solution2,3]. Mag3) ™ ot ° '
Whereas SHG cascading is now well underst@ee Ref.

[4] and references thergima less investigated effect present 2
in media with a quadratic nonlinearity is optical rectification f— —— — — Uy, | Uy=0. 2
(OR), i.e., the generation of a static or quasistatic electric 9z 2 g2

field from an optical input field. The effect of OR was ex-
perimentally shown for the first time by Brassal in 1962  Hereu,, is the real valued amplitude of the microwajfeng
[5]. Gustafsonet al. [6] suggested the self-modulation of wave andu, is the complex, slowly varying envelope of the
optical pulses by a cascaded process of optical rectificatiooptical wave(short wavé. The coordinateg andt corre-
and the linear electro-optic effect. Recently Bosshatdl. spond to the propagation direction and temporal evolution in
[7] demonstrated a dominant contribution of thea reference frame moving with the velocity of the optical
rectification-induced cubic nonlinearity to the nonlinearly in- wave. The parametat describes the velocity mismatch be-
duced refractive index change in KNp@or certain crystal tween both wavesr,,= +1 ando,= =1 are the signs of the
orientations. dispersion coefficients of the microwave signal and the opti-
In this paper we show that the coupling between an optical wave, respectively. Equatiori$) and (2) constitute the
cal and a microwave field in a medium with second-ordemost simple, but still accurate way, to describe the interac-
nonlinearity can lead to an instability of the CW solutions. tion between the optical and microwave fields. In particular
Here we consider evolution equations derived for the interEg. (2) solely conserves the optical power. This is well jus-
action of a microwave with an optical wave in a waveguid-tified for all realistic geometries, where the overall conver-
ing structure with lateral confinement, e.g., an electro-opticsion efficiency is small. If considerable amounts of energy
modulator[8,9]. The resulting system is an example for the are transferred to the microwave domain, further terms have
nonlinear interaction of long waves with short waves, theto be added to Eq2) [9]. However, the appearance of Ml is
latter described by a complex envelope function with an unonly weakly influenced by a power exchange between the
derlying highly oscillating modulation signgl0]. Other ex-  optical and microwave components.
amples for the long-wave—short-wave interaction are the A simple stationary CW solution of Eq$l) and (2) is
coupling of gravity and capillary modes of surface watergiven by
waves[ 11] or the copropagation of electron plasma with ion-
acoustic waves[12]. Whereas the following discussion Up=a.exdi(Bz—wt)], Up=2am, 3)
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with the dispersion relation for the optical wave Unstable, i.e., growing, frequenci€sare given by eigenval-
- ues\ of the matrixM with negative imaginary part. The
B= ?sz_am_ (4) eigenvalues are determined by a cubic equation,
)\3+C1)\2_02A+C3_C102:0, (12)

Solutions(3) and(4) refer to a continuous optical wave with
constant amplitude, (assumed to be reatihat is subject to with real valued coefficients; = Q(5+ o,02), cy= Q44
a phase shift due to the electro-optic effect proportional to A ndcae 02202 The solutiorlns of E (123” are, i\fen b '
constant dc background fiel,,. A solution with a nonzero 37 Todo2 q 9 y

frequencyw corresponds simply to a change of the carrier

frequency of the optical wave. As this has no influence on A =Uu+v— e (13)
the general behavior, apart from a change of the velocity 3
mismatch between both waves, only the case0 will be
considered. u+v ¢q . \/§(u—v)
In the following, we are interested in the stability of the Nog=— 5~z E——% . (14)
CW solution against small perturbations. We hence introduce
small changeday(z,t), Aay(z,t) from the stationary solu-
. where,
tion as
_ i = p
Uo [a0+Aa0(Zrt)]eXF[ Iamz]1 (5) u:3 _q+\/5, U:Ga with D:qZ_DS,
Un=am+Aan(z1). (6)
2
Inserting Eqgs(5) and(6) into Egs.(1) and(2), and keeping _C C 1 (1, C3
: . g p=—+—o, Q=5CygCi—Cp|+ . (15
only first order terms il a,(z,t) andAa,(zt), correspond 3 9 3719 2

ing to small perturbations, one obtains
. For D>0, we obtain a pair of complex eigenvalugg,\ ;
d d d d and the system is modulationally unstab@®=0 marks
— —_—— —_— —_— —_— * =
(,92 + 5(9'( Om &t3) Aan—a, at (Aa,+A4a;)=0, (7) hence the boundary to unstable domains. The Ml gain for an
unstable solution is given bg=|Im(\,3|. The gain does

0 o P not depend on the sign d? resulting in symmetric side-
(i___o _) Aa,—a,Aa,=0. (8)  bands around the carrier frequency of the optical wave. As
iz 2 g2 the MI gain is invariant against the transformatiomg—

) ) -0y, Om— — 0y, ands— — 8§, we can restrict ourselves to
The set of equation&’) and(8) does not contain the constant the cases of normal dispersion in both waves<1, o,

background fielda,, indicating that a constant voltage ap- =1) and anomalous dispersion in the optical wave and nor-
plied to the microwave strip line shifts the optical phase only,,,, dispersion in the microwaver{=—1, ¢,,=1)

[see Eq(4)], but does not influence the microwave. In what o )
follows, we express the perturbations as oscillatory func;
tions:

Ml is found to exist in a large range of system parameters,
.e., the amplitude of the optical CW solutiaq, and the
velocity mismatchs. As shown in Fig. 1, a stationary solu-

*9T_ * T - tion can be modulationally unstable in all regimes of disper-
[Aam,A8o, A8, ] =L em(2),€0(2), €5 ()] expiQY). ©) sion. This is somehow inycontrast to Ml in ngrr media ggv-
erned by the nonlinear Schtimger equation, where Ml only
Note thatAa, and Aa* denote small perturbations of the occurs when the nonlinearity and the dispersion have oppo-
optical wave and its complex conjugate and have to be varSite signs[1]. In both dispersion domains the MI gain be-
ied independently. Substituting E@) into Egs.(7) and (8) comes narrowband and increases with the increasing nega-

leads to the eigenvalue problem tive velocity mismatch.
In Fig. 2 the boundaries between stable and unstable do-

d o mains D=0 are depicted for both dispersion regions. The
o7 L€1=IMLel, (100 pandwidth of unstable frequencies increases with the increas-
ing amplitude of the optical wave. For normal dispersion in
where[e]z[em,eo,eg]T and the matrixv is given by both waves CW solqtlons are genere}lly modulationally un-
stable. For normal microwave dispersion and anomalous dis-
—[8Q+0,0% a0 a,) persion in the optical wave, a threshold amplitude for the
o 02 onset of MI exists for positive velocity mismaté0 given
_ —a, ° 0 by
M= 2 . (1Y

o, 0? 4
a, o - 02 1=\ 57 (16)
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FIG. 1. Gaing versus frequency detuning and the velocity
mismatch §; amplitude of the optical wava,=100. (8) Normal N
1, o,=1, (b) anomalous dispersion
—1, normal dispersion for microwave,

dispersion for both waves,=
for optical waveo,=

=1.
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FIG. 2. Boundary between stable and unstable domRis®.
(& Normal dispersion for both waves,=1, o,=1, (b) anoma-
lous dispersion for optical wave,=
microwaveo,,=1.

—1, normal dispersion for

-5 0 5
Q
FIG. 3. Ml gaing (solid line vs detuningQ) for different am-
plitudesa, of CW solution 6=0). Also shown is the real part of
eigenvalue Re\,] (dashed ling (a) Normal dispersion for both
waveso,=1, o,=1, (b) anomalous dispersion for optical wave
=—1, normal dispersion for microwave,,=1.

Optical signals with amplitudes below this critical value can
be operated in electro-optical modulators without risking a
spontaneous filamentation.

As shown in Fig. 3, the magnitude of the MI gain grows
with the amplitude of the CW solution and the peak gain
detuning shifts to larger frequencies. Further, the eigenvalue
corresponding to the instability always exhibits a real part. It
follows that exponentially growing modulations travel with a
velocity different from that of the optical wave.

IIl. FILAMENTATION AND GENERATION
OF ELECTRICAL SIGNALS

MI due to interaction with a microwave field may be ob-
served experimentally by filamentation of high power optical
pulses. Here pulses broader than the width corresponding to
the sideband frequency with maximum gdigy = 27/ ax
can develop a spontaneous modulation out of noise and fi-
nally break up into filaments.

The influence of MI on the propagation of optical pulses
was studied by the integration of Egd) and (2) with a
Crank-Nicholson scheme. Here a Gaussian input pulse is
perturbed by random noise and subsequently propagated.
The initial profiles of the amplitudes;, ,(z,t) are given by

Uo(0.t) = Agex — 2In(1/2) (t/ Trwam) *1[ 1+ AF and )],
(1
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FIG. 4. Filamentation due to modulational instabilig=—100, © 100
0o=1, 0;n=1, Tewum=6, A,=100). (a) Optical pulse, thin solid
curve; input pulse, thick solid curve, after propagation length 50¢
=0.05 with A=10"3. (b) Microwave signal after propagation
length z=0.05; thin solid curve,A=0; thick solid curve, A 0
— 10*3. 0
u(04)=0, (18) FIG. 5. (a) Frequency spectra of the generated microwave signal

for different amplitude#\, of the injected optical pulse and varying

. . . velocity mismatché§ (o,=1, on,=1, Trwuu=6, z=0.05, A
whereTeyy is the width andA, the peak amplitude of the =10"3), the thick solid curve corresponds to the MI-modulated

optical input pulse.A is the perturbation amplitude with ;i owave signal in Fig. @), the thin dotted lines mark the peak
Frandt) representing a noise source that gives random numyajyes of the spectrab) corresponding MI gain curves for continu-

bers from a uniform distribution in the intervit-1,1]. ~ ous waves witha,=A,, the thin dotted lines mark the detuning
Figure 4 shows the outcome of a corresponding numericatequencied),,, at maximum MI gain.

experiment. The propagated perturbed optical pulse develops
a modulation due to MI. In this example we added initial spectral evolution of the high-frequency components of the
noise to the optical pulse with=10"3. However, filamen- generated microwave signal is in good agreement with the
tation can also be observed without an additional noiseMl gain curves. This principle could be applied to the gen-
source A =0) out of numerical noise, albeit at larger propa- eration of narrow-bandwidth ultrashort electrical signals
gation lengths. from high power optical pulses. Here, the frequency of the
As depicted in Fig. %), the propagating optical pulse generated microwave signal can be adjusted by tuning the
generates a microwave signal by optical rectification. It hagnicrowave velocity, a principle which is a common practice
been shown in Ref9] that, for a propagation length shorter in the design of traveling wave electro-optic modulators
than the walk-off lengthL,,=Trwum/S, the microwave [13,14. Changing the power of the injected optical pulse
evolves as a quasi-single-cycle signal with a midfrequencyllows a further fine tuning of the Ml-induced spectral com-
approximately given b¥)=7/Trwum, 1.€., & frequency de- ponents.
termined exclusively by the optical pulse width. However, Finally, some comments shall be made about the physical
with increasing initial noise the microwave signal developsmagnitudes involved. In a recent papéb], typical param-
an additional high-frequency modulation due to the onset oters for a modulator structure consisting of an optical ridge
MI. This is illustrated in Fig. 5, where the frequency spec-waveguide combined with a coplanar microwave transmis-
trum of the generated microwave signal is depicted togethesion line based on the Al,GaAs system were estimated.
with the corresponding gain due to MI. The low-frequency The dimensions of the structure are not reproduced here for
spectrum is determined by the evolving single-cycle micro-brevity. Using the unscaled values in REE5], a scaled op-
wave signal with a midfrequency that does not significantlytical amplitudea,= 100 and a velocity mismatch= —100
change with varying system parameters. The filamentatiogorrespond to an optical power &,=1.8 kW and an un-
due to MI manifests itself in the high-frequency spectrum. Inscaled velocity mismatch ofAn=ng.—ny,=—0.034,
contrast to the rectification-induced microwave signal, thewhere n.,c and n,,; are the effective group indices of the
midfrequency of the MI-induced modulation is determinedmicrowave and the optical wave, respectively. The unscaled
by the detuning) .« at peak gaing,. and hence the am- maximum MI gain is then given by,=1.9 cm ! at a fre-
plitude of the optical pulse and the velocity mismatch be-quencyf=1.5 THz. Keeping in mind that for a spontaneous
tween optical wave and microwave. As shown in Fig. 5, themodulation out of noise the sample length should be a few
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gain lengthsl4=1/g,s, the gain obtained in this example On velocity mismatch and the amplitude of the CW solution.
seems feasible for an experimental observation. HowevelI and the associated filamentation of high power optical
high microwave losses might shift the net gain to smallerpulses were shown to potentially result in the generation of
values. microwave signals with frequencies considerably higher than

the midfrequency of the single-cycle signal obtained by op-

IV. CONCLUSION tical rectification.

In conclusion, we have shown that a strong coupling be-
tween an optical wave and a microwave in a dispersive me- ACKNOWLEDGMENTS
dium with a second order nonlinearity can lead to a modula-
tional instability of optical CW solutions. For normal The German Research Foundati@FG), the Engineer-
dispersion in both waves, plane waves are always moduldang and Physical Sciences Research CoufiE®#SRQ, and
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